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Fig. 5. Normalized polarizabilities of an annular apertures with a floating in-
ner conductor and the one with a grounded inner conductor (a=b = 0:30581,
"1 = 1, "2 = 2:05, "3 = 1, b = 1).
Fig. 6. Normalized polarizabilities versus a=b.
approximate those of open-ended coaxial lines [4]. The difference of
our results from [4] may be partly due to an infinite flange width of
our structure.
The electric polarizability e(z) defined in [5] is
e(z) = 4
b
0
(r; z)r dr
=
V (b2   a2)
ln b=a
+ 4
1
n=1
(ane
k z + bne
 k z)L1n: (22)
In Fig. 5, we illustrate the behavior of the normalized electric
polarizabilities e( d=2) (=e( d=2)=b3) versus d=b with inner
conductor floating (Q = 0) or grounded. Unlike the case with the
inner conductor grounded, the one with the floating inner conductor
has an increased polarizability due to a penetration of the electric
field through the floating conductor. In Fig. 6, we plot the normalized
polarizabilities (z =  d=2) versus a=b with different d=b ratio when
Q = 0. As in the magnetic polarizabilities, they reach maximum
value when a=b is around 0.6 [3]. We observe that aperture with
floating inner conductor is more efficient than the one with grounded
inner conductor as a coupling structure.
IV. CONCLUSION
The potential distribution of the annular aperture with a floating
inner conductor is investigated. Unlike the case with inner conductor
grounded, the series solution contains an additional term due to the
induced voltage on the inner conductor. We find the voltage using
the condition of charge conservation.
Using the potential distribution, we calculate the capacitances of
the annular aperture and electric polarizabilities of various sizes. The
capacitances explain the effect due to the finite size of the inner
conductor. We observe that they comprise that of the coaxial cable and
those of fringing effect due to the finite length of the inner conductor.
The polarizabilities seem to be insensitive to the a=b ratio, unlike
the case with the inner conductor grounded. We observe that aperture
with the floating inner conductor is more efficient than the one with
the grounded inner conductor as a coupling structure.
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An Anisotropic PML for Use with Biaxial Media
Arnan Mitchell, James T. Aberle, David M. Kokotoff,
and Michael W. Austin
Abstract— This paper presents the conditions required for an
anisotropic perfectly matched layer for material exhibiting a biaxial
permittivity tensor. Such materials are common in optical devices. This
derivation does not treat arbitrary orientations, but should be general
enough for many common situations. The effectiveness of this absorbing
boundary condition is considered using the finite-element method.
Index Terms—Finite methods, perfectly matched layer.
I. INTRODUCTION
Finite methods, namely, the finite-difference (FD), and finite-
element (FE) methods, have become powerful techniques for the
solution of Maxwell’s equations and have found practical use in
recent years. These methods are based on the differential form of
Maxwell’s equations and involve discretization of the computational
space. Both methods have been used to solve closed- and open-
region problems. The solution of open region problems requires
the use of radiation or absorbing boundary conditions (ABC’s) to
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Fig. 1. An arbitrarily polarized plane wave, propagating at an angle i to the
x, z plane and angle i to the y, z plane, impinges upon the interface between
two half-spaces. Medium 1 one is nonmagnetic with a biaxial permittivity
tensor, while medium 2 possesses both biaxial permittivity and permeability
tensors.
accurately truncate the computational domain. These boundary condi-
tions simulate the propagation of electromagnetic energy through the
computational boundary; hence, making the domain appear infinite or
open. Modeling an open region with a finite method, both accurately
and with numerical efficiency, is one of the greatest challenges faced
in the computational electromagnetics community.
Recently, a new ABC, called the perfectly matched layer (PML),
has been introduced by Berenger [1] for open region problems. A
PML material is defined such that an electromagnetic material will be
transmitted from an isotropic material into the PML material without
reflection for all frequencies and angles of incidence. Berenger
implemented the PML in the Yee-based finite-difference time-domain
(FDTD) algorithm [2] by splitting certain field components in the
PML region into subcomponents. Berenger chose to truncate the
PML region with a conductor, resulting in a finite reflection from
the computational boundary. However, Berenger demonstrated that
the reflection coefficients for PML’s in two-dimensional problems
were significantly better than other ABC’s. Furthermore, the PML
boundary can be placed considerably closer to the details of the
problem than other ABC’s, reducing the computational resources
required.
The anisotropic PML was developed [3] as an alternative to the
original split-field PML technique [1]. The anisotropic PML does not
require modification of Maxwell’s equations and is particularly well
suited for use in frequency-domain forms of FE and FD methods.
There are many practical situations where waves are propagating
in biaxial or uniaxial anisotropic media. A particular example is
encountered in the design of integrated optic devices based on
lithium niobate (LiNbO3). This material exhibits a strongly uniaxial
permittivity tensor at both optical and microwave frequencies. In this
paper, we demonstrate an extension of the PML concept to such
situations.
II. DERIVATION OF THE PML PROPERTIES
Consider an interface between two half-spaces, as shown in Fig. 1.
The region z < 0 is occupied by medium 1, which possesses a biaxial
permittivity tensor given by
1 =

(1)
xx 0 0
0 
(1)
yy 0
0 0 
(1)
zz
: (1)
For simplicity, we shall assume that the permeability of medium 1 is
identical to that of free space, i.e., 1 = 0.
The region z > 0 is occupied by medium 2, which possesses both a
biaxial permittivity tensor and a biaxial permeability tensor given by
2 =

(2)
xx 0 0
0 
(2)
yy 0
0 0 
(2)
zz
(2)
and

2 =

(2)
xx 0 0
0 
(2)
yy 0
0 0 
(2)
zz
(3)
respectively.
Medium 1 is assumed to be a region for which a solution to
Maxwell’s equations is desired, i.e., its characteristics are given.
Medium 2 is taken to be the PML region, and we are free to pick
appropriate characteristics. To design this PML region, we must select
the entries of the 2 and 2 such that there is no reflection for any
incident angle (i) for both perpendicular and parallel polarizations.
We find that we have six unknown tensor entries for the PML
material, but only five conditions that must be satisfied at the PML
interface. This gives us the freedom to pick one of the entries of
the tensors describing the PML. We choose (2)xx to be the free entry
and refer to it as the “characteristic parameter” of the PML. From
the case of perpendicular polarization, we determine the values of

(2)
yy , 
(2)
xx , and (2)zz in terms of the parameters of medium 1 and
the characteristic parameter of the PML. From the case of parallel
polarization, we determine the values of (2)zz and (2)yy in terms of the
parameters of medium 1 and the characteristic parameter of the PML.
For perpendicular polarization, we choose the electric field in
medium 1 to be given by
E1 = E?( a^x sini+a^y cosi)[e
 jk x
e
 jk y
e
 jk z
+ ?e
 jk x
e
 jk y
e
jk z ]: (4)
Based on the electric field in region 1, appropriate forms for the
magnetic field in medium 1, and the electric and magnetic fields in
medium 2 are also obtained. Applying the boundary conditions that
the tangential electric and magnetic fields must be continuous across
the boundary at z = 0, we obtain

(2)
yy =

(1)
yy

(1)
xx

(2)
xx (5)

(2)
xx = 0

(2)
xx

(1)
xx
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
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zz = 0

(1)
xx
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For parallel polarization, we choose the magnetic field in medium
1 to be given by
H1 = Hk( a^x sini+a^y cosi)[e
 jk x
e
 jk y
e
 jk z
  ke
 jk x
e
 jk y
e
jk z]: (8)
Based on the magnetic field in region 1, appropriate forms for the
electric field in medium 1 and the electric and magnetic fields in
medium 2 are also obtained. Applying the boundary conditions that
the tangential electric and magnetic fields must be continuous across,
the boundary at z = 0, we obtain

(2)
zz =

(1)
xx

(2)
xx

(1)
zz (9)

(2)
xx = 0

(2)
xx

(1)
xx
= (2)yy : (10)
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Combining (5)–(7), (9), and (10), the material parameters can be
written in tensor form as
2 =

(1)
xx apml 0 0
0 
(1)
yy apml 0
0 0 
(1)
zz apml
(11)

2 = 0
apml 0 0
0 apml 0
0 0 1=apml
(12)
where apml = (2)xx =(1)xx is an arbitrary complex constant. It is
evident that the permittivity tensor for medium 2 is biaxial, while its
permeability tensor is uniaxial, and that the tensors are of a similar
form to other PML’s [3]. Any medium 2 satisfying (11) and (12) will
act as a PML for biaxial or isotropic dielectric materials.
Typically, the PML is used to truncate the solution space in a finite
method. Usually, the PML is backed by a perfect conductor. Thus,
it is highly desirable that the waves attenuate strongly in the PML.
This can be achieved by choosing the characteristic parameter of the
PML to be given by
(2)xx = 
0   j00 (13)
where 00 > 0. Techniques for choosing an appropriate value of

(2)
xx for truncating isotropic media can be found in [4] and [5]. It
is expected that similar schemes will be applicable to the biaxial
PML presented here.
III. PASSIVITY OF THE PML
Ziolkowski has proven that the original PML material is passive
[4]. Following his approach, we can demonstrate that the proposed
PML material is also passive.
A medium is said to be passive if the flux of the time-average
Poynting vector is less than or equal to zero everywhere for all
possible electromagnetic waves in the medium, i.e., if
r  Sav = Re(r  S)  0 (14)
for all possible solutions to the wave equation in the medium, where
Sav is the time-average Poynting vector and S is the complex
Poynting vector given by
S =
1
2
EH (15)
where  denotes the complex conjugate. Expanding (14), we have
r  S =
1
2
j! (2)xx jExj
2 + (2)yy jEyj
2 + (2)zz jEzj
2
 (2)xx jHxj
2   (2)yy jHyj
2   (2)zz jHz j
2 : (16)
For simplicity, we shall assume that medium 1 is lossless, but
the extension to lossy media is straightforward. Substituting, both
the expressions for perpendicular polarized waves, and the PML
conditions in (16), we obtain
r  Sav =  jE?j
2!00cos2i

(1)
xx sin
2i + 
(1)
yy cos
2i

(1)
xx
< 0;
for 00 > 0: (17)
Similarly, using the field expressions for parallel polarized waves and
enforcing the PML conditions in (16), we obtain
r  Sav =  jHkj
2!0
+ 1
2
00

(1)
xx
cos2 i


(1)
zz

(1)
xx sin
2i + 
(1)
yy cos2i sin
2i + 
(1)
zz cos2i
(18)
Fig. 2. Reflection coefficients for perpendicular and parallel polarization at
the interface between a biaxial medium and a conductor-backed PML. The
permittivity tensor of the medium is given by (1)xx = 2:5, (1)yy = 2:0, and

(1)
zz = 1:0. The characteristic parameter of the PML is given by 0 = 2,
00 = 1. The normalized thickness of the PML layer is set as d= = 0:5 and
the angle of propagation to the y, z plane is fixed at i = =7.
where
 = cos4i +

(1)
yy

(1)
xx
+

(1)
xx

(1)
yy
cos2isin
2i + sin
4i: (19)
It can be readily shown that   1 and, hence,
r  Sav < 0; for 00 > 0: (20)
Hence, the proposed PML is a passive medium for both perpendicular
and parallel polarized waves. Since any wave can be written as
the superposition of perpendicular and parallel polarizations, the
proposed PML is indeed a passive medium.
IV. PERFORMANCE OF CONDUCTOR-BACKED PML
To get an indication of the performance of the proposed PML
in practice, we first consider the situation of plane-wave reflection
from a conductor-backed PML, as depicted in the inset of Fig. 2.
Intuitively, we expect that there will be a nonzero reflection at the
interface with the conductor-backed PML. To qualitatively investigate
this reflection, let us trace a ray. When the ray hits the interface
between medium 1 and PML, it passes without reflection into the
PML where it is attenuated as it travels to the conductor. At the
conductor, it is completely reflected. It then travels back toward the
interface with medium 1 where it passes back into medium 1 without
any reflection.
The reflection coefficients for perpendicular and parallel polariza-
tions are functions of incident angle and can be derived by matching
the boundary conditions
 ? =  e
 j2k d (21)
where
k?2z =

(2)
xx

(1)
xx
!20 
(1)
xx sin
2 i + 
(1)
yy cos2 i cos i (22)
and
 k =  e
 j2k d (23)
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Fig. 3. A parallel-plate waveguide loaded with biaxial material and ter-
minated with conductor-backed biaxial PML. The dielectric tensor in the
waveguide is xx = 2:5, xx = 2:0, and zz = 1:0, the characteristic
parameters of the PML are 0 = 2 and 00 = 1, and the dimensions are
h = 4 cm, l = 8 cm, and d = 2 cm.
where
k
k
2z
=

(2)
xx

(1)
xx
!20
(1)
zz 
(1)
xx cos2 i + 
(1)
yy sin
2 i

(1)
xx cos2 i + 
(1)
yy sin
2 i sin
2 i + 
(1)
zz cos2 i
cos i
(24)
for a PML region with material relationships of (9) and (10). The
variables k?2z and kk2z represent the propagation constant of the
perpendicular and parallel polarized plane waves within the PML
region, respectively.
If medium 1 were isotropic, then the reflection coefficient for both
polarizations could be written as
 (i) =  (0)
cos  (25)
In contrast, since medium 1 is biaxial, the dependence on angle is
somewhat more complicated. Furthermore, the reflection coefficients
for the two polarizations are different. An example of the reflection
coefficients for a biaxial medium 1 as a function of incident angle
is shown in Fig. 2.
Examination of (22) and (24) leads to the following conclusions
where medium 1 is lossless and is either isotropic or biaxial: 1) the
value of 0 affects the phase of the reflection coefficient, but not
the magnitude and 2) the value of 00 affects the magnitude of the
reflection coefficient, but not the phase.
V. FEM IMPLEMENTATION OF THE BIAXIAL PML
To investigate the performance of the biaxial PML in a numerical
simulation, the FE method is used to model the reflection from
a shorted parallel-plate waveguide. The geometry considered is
illustrated in Fig. 3. The waveguide is filled with a biaxial material
and the shorted end is lined with biaxial PML. The open end of the
waveguide is excited with a guided mode and the resulting reflectance
is measured as a function of frequency.
Fig. 4 shows the TEM and TM1 reflection-coefficient spectrum
for this geometry. It is evident that the PML is effective for low-
to-moderate frequencies. As was noted by Polycarpou et al. [5], the
increase of the reflection coefficient at high frequency is due to the
Fig. 4. Reflection coefficient for both the TEM and TM1 modes.
increased discretization error as the wavelength reduces. At lower
frequencies, the wavelength becomes large relative to the PML layer
thickness and, thus, the overall absorption provided by the PML layer
is reduced. To alleviate this in practical situations, the loss in the
PML layer is often expressed at a constant conductivity rather than
a constant loss tangent.
This brief investigation is intended only to demonstrate the ef-
fectiveness of the biaxial PML in a numerical calculation. Further
investigation is needed to set guidelines for practical use of the biaxial
PML in finite methods.
VI. CONCLUSION
In this paper, we have obtained the conditions required to achieve
a PML for a biaxial medium and have showed that such a medium
is passive. We have also examined the basic performance of a
conductor-backed PML versus incident angle. Furthermore, we have
used an FE method simulation to demonstrate the effectiveness of a
biaxial PML layer when used to terminate a parallel-plate waveguide
loaded with biaxial dielectric. A more detailed investigation of the
effect of the PML parameters on its performance is needed in order
to define guidelines for its practical use.
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